Int. J. Heat Mass Transfer.
Printed in Great Britain

Vol. 31, No. 2, pp. 251-257, 1988

0017-9310/88 $3.00+0.00
Pergamon Journals Ltd.

Water absorption and measurement of the mass
diffusivity in porous media

BU-XUAN WANG and ZHAO-HONG FANG
Thermal Engineering Department, Tsinghua University, Beijing 100084, China

(Received 21 August 1987)

Abstract—The study on water absorption in porous media is briefly reviewed. The mean mass diffusivity

for moisture migration in the sense of a constant property is related to the actual mass diffusivity, and its

dependence on the initial moisture content is presented. A method is proposed to determine the parameters

in the exponential expression of the mass diffusivity according to the mean mass diffusivity measured. The

corresponding error transmission is discussed, and experimental results from wet sand are compared with
the predicted curves.

1. INTRODUCTION

MORE ATTENTION has been paid to the study on heat
and mass transfer in wet porous media in recent years.
In order to establish, verify and apply these theories
it is necessary to determine the heat and moisture
transport properties in wet porous media and to ascer-
tain their dependence upon the temperature and
moisture content of the media. The mass diffusivity
in porous media, for example, depends strongly upon
their moisture content and may vary typically through
three orders of magnitude from nearly saturated to
nearly dry conditions. Consequently, the constant
property assumption, which is usually accepted in a
heat transfer study, is inadequate in solving moisture
transport problems in general. The capillary hyster-
esis, the heterogeneity in the structure and porosity
and the possible swelling or shrinking of the medium
matrix on wetting or drying further aggravate diffi-
culties in the property measurements. As a result,
there are few data available in the literature.

The majority of the measurements of heat and
moisture transport properties in wet porous media
have been designed so far on the basis of the constant
property assumption [1, 2] due to the difficulty in
solving the non-linear differential equation governing
these transport phenomena. Thus it is inevitable to
find out the relationship between the actual property
and that determined on the assumed constant prop-
erty in specific testing conditions. The analysis of 1so-
thermal moisture migration in porous media has been
most intensively developed in soil science with a moist-
ure content dependent diffusivity concerned [3, 4].
Some of the techniques developed in soil science are
drawn on in our research. This paper tries to relate
the mean mass diffusivity determined on the constant
property assumption with the actual one from the
study of a fundamental process of isothermal absorp-
tion in porous media.
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2. SOLUTION OF THE NON-LINEAR DIFFUSION
EQUATION

Supposing the gravitational effect is negligible, the
isothermal moisture migration in a homogeneous
porous medium is described by the non-linear
diffusion equation [1, 2]

ow

7= VD, Vw) (1)
where D,, denotes the mass diffusivity of the medium,
which will be a function of the moisture content, w,
only.

The isothermal absorption process studied here is
the moisture movement in a one-dimensional semi-
infinite medium with uniform initial moisture content
w; and a boundary being kept at a constant moisture
content w, since a certain instant. Thus the process
can be formulated as

2 (5,2) "
ot ox ox
with initial and boundary conditions
x>0 and 7=0, w=w 3)
x=0 and >0, w=w,. @)

Such a problem has been analysed in detail in refs.
{3, 41.

By the application of Boltzman’s transformation,
i.e. introducing

n=xt"'? )

equation (2) can be simplified to the following ordi-
nary differential equation:

d dw) 1 dw
(05 31 =0 ©

with the conditions
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coefficient in the exponential
expression of diffusivity, equation (12)
co(Wo—w))

mass diffusivity [m? s~

coefficient in the exponential expression
of diffusivity [m*s™']

mean mass diffusivity [m?s ']

function defined in equation (24)

length of the sections [m]

cumulative absorption [kg m 7]
confluent geometric function

D,/D}

moisture content {kg (moisture)/kg (dry
medium)]

(o]

SO0
ElE)

3

TR~y

NOMENCLATURE

w normalized moisture content
x coordinate [m].

Greek symbols

7 xt'?

04 bulk density of the dry medium (kg m~3]

T time |s]

¢ normalized initial moisture content.
Subscripts

i initial

) on the boundary

* reference case.

¥ (cm)

F1G. 1. Moisture content profiles measured in a sand specimen on isothermal absorption.

W= W, M
W= w,. ®)

n=0,
n— o,

The solution of this problem has the form
x(w,7) = n(w)t'?. 9)

Equation (9) predicts that the penetrating moisture
content profile advances with a rate proportional to
the square root of time. Such an advance is seen in
Fig. 1, where the moisture profiles were determined
in our experiments on sand. When replotted against
xt~'2 these profiles fall approximately on a single
w-# master curve as shown in Fig. 2.

It can also be derived from equation (9) that the
cumulative absorption, i.e. the total amount of water
taken into the medium by absorption, is

W,

I(t) = pdr”zj u11dw

w;

(10)

which varies simply with t'/ as well.
Except for a few special mathematical cases, the

0.2 a8y
‘og -y
() vn
)6 a
3
BX
o
a
o
w O x
a
L | i Pao
0 0.2 04 0.6 0.8

— -
n=x7%cm s7?)

F1G. 2. w—n master curve of the sand specimen.

exact solution of the non-linear diffusion equation
cannot be expressed in a concise explicit formulation.
In equation (9) n(w) may be calculated from diffu-
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sivity data D,,(w) by numerical procedures, especially
that due to Philip [5]. However, several approximate
solutions of the absorption problem, i.e. equation (6),
have been proposed [6, 7], and Brutsaert’s solution
[7] appears to be the most accurate one available in
the literature. It takes the form

1 —12 M
nz[%ﬁ W”ZD,,,(W)dWJ Lw—l/ZDm(W)dW

(an

where W = (w—w,)/(w,—w;) is the normalized moist-
ure content.

As mass diffusivity of prous media, such as soil
and building materials, is strongly dependent on their
moisture content, an exponential expression was first
proposed by Gardner and Mayhugh [8] and later con-
firmed by many others to describe approximately the
moisture content dependence of the mass diffusivity.
The expression is

D, = Dy, exp [c(w—w,)] (12)

where D, , is the mass diffusivity at a reference moist-
ure content w, and c¢ is an empirical constant for a
specific medium.

3. MEAN MASS DIFFUSIVITY IN THE SENSE OF
CONSTANT PROPERTY

In the linearized model, the mass diffusivity of the
media is assumed constant, i.e.

D, (w) =const. = D,,. (13)

Then the exact solution of equation (2) subject to
conditions (3) and (4) will be

w—w

= erfc (x/2./(D,7)).

= 14
— (14
As a result, the cumulative water absorption of the
medium can be derived from equation (10) as

I(T) = 2Pd(Wo“Wi) (D-m‘c/n)”2

_ Fis l 2
D,=g|——1.
4z pd(wo—wi)

The cumulative absorption I may be measured
gravimetrically or with a burette described below,
and then D,, is determined from equation (16). This
method makes it easier to obtain results with reason-
able accuracy. However, such a mean mass diffusivity
does not make any general sense in moisture transport
calculations except the isothermal absorption process
discussed here. Thus our purpose is to look for the
relation between this mean mass diffusivity and the
actual one.

(15)

or

(16)

c—3

l -7
[T 2
— 4

FiG. 3. Apparatus for determining moisture distribution in
absorption.

4. METHOD FOR DETERMINING D,,(w)

A method was first proposed by Bruce and Klute
[9] to determine the mass diffusivity as a function of
moisture content. Integrating equation (6), the mass
diffusivity can be expressed as

,,,=%c%% X ndw. )
Thus, on measuring experimentally the moisture con-
tent profile in a specimen for isothermal absorption
at an instant 7 or the history of the moisture content
variation at a given cross-section, a curve w = w(#)
like that shown in Fig. 2 can be obtained, and accord-
ingly the mass diffusivity is determined by equation
(17). While employing this method, Bruce and Klute
obtained the moisture content profile by the tra-
ditional gravimetric procedure of cutting and weigh-
ing. Later on, the non-destructive nuclear magnetic
resonance (NMR) imaging technique was reported
for detecting both the distribution and history of
moisture content in specimens [10]. This application
of NMR imaging was a prominent advance in the
study of moisture migration in porous media, never-
theless the high cost of equipment has hampered its
application in this field.

Although Bruce and Klute’s method has the merit
of determining a whole function of D,(w) in a single
test, it suffers from the difficulty in determining with
precision the derivative dn/dw, which requires a
smooth experimental curve. The observed wetting
profile is, however, inevitably distorted to a certain
tortuosity mainly owing to the heterogeneity of the
media themselves. Consequently, to yield any sig-
nificant result from equation (17) it is necessary to
smooth over the tortuosity of the observed w— curve,
which often brings in uncertainty and arbitrariness.
The error of this method was estimated qualitatively
by Bruce and Klute to be 200-500% [9].

Following this method, we measured the mass
diffusivity of sand at room temperature. The tra-
ditional gravimetric sampling was used to obtain the
moisture content profiles as shown in Fig. 1. Our
apparatus is shown in Fig. 3. A testing column (1)
consisted of sections of glass tubing, 11 mm long and
35 mm i.d. Both sides of the section were polished
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Fi1G. 4. The mass diffusivity of sand.

carefully so that they could be fitted tightly together.
The clamping tube (2) was used to fix the glass tubing
and to serve as an inlet for testing materials. A Mar-
riotte-type burette (3) supplied water at a constant
head and measured the amount of water supplied.
The specimen was segregated with the piping by brass
meshes and a sheet of filter paper at the wetting end,
where an exhaust valve (4) was installed for air
exhaustion. The column (1) was connected first with
a funnel (5) through a tee-valve (6) to replace air in
the piping. Then, the exhaust valve (4) was closed
and the tee-valve turned to the burette (3) while a
stopwatch was started for counting the time duration.
When the absorption had proceeded for the desired
time, the water supply was cut off, the specimen was
separated quickly and the moisture content in each
section was determined by the gravimetric procedure.
Two moisture content profiles so obtained with
different initial moisture contents were used to evalu-
ate the mass diffusivity of the specimen. The data are
plotted in Fig. 4, and the solid line in the figure is the
regressive exponential function from these data, which

yields
D, =194 x 107 7exp(33.3w) [m*s~'].

It is clear that

I'=Zpsh(w—w) (18)

where # is the length of each section. From equation
(16) we have
b, = H[Zh(w w,):l .
At w,—w;

The same experimental data were also used to evaluate
the mean mass diffusivity, and the results are listed

(19)
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in Table 1. The dashed line in Fig. 4 was obtained
according to these data listed in Table 1 by the
relationship between D,, and D,, as discussed below.

5. RELATIONSHIP BETWEEN O, AND D,

For an arbitrary diffusivity D, = D,(w) the
relationship between D,, and D,, cannot be formulated
in a concise expression, and D,, has to be calculated
from the cumulative absorption computed by a
numerical method. We discuss below the absorption
in porous media with the assumed exponential
expression of the mass diffusivity, equation (12).
Meanwhile Brutsaert’s approximate solution, equa-
tion (11), is also adopted in the following discussion.

Rewriting equations (16) and (12) with the nor-
malized moisture content, W = (w—w,)/(w, —w;), we

have
_ |l >
D,=={1 ndw (20)
41 b
and
D, = D, ,exp[C(W—-1)] 2D
where

C = c(w, —wy).

Integrating equation (6) and using equation (11)

yields
! w
L ndw = —~2(Dmd—>
dr’ =0

= 2“1 W‘/ZD,,,(W)dW]UZ. (22)

Substituting equation (21) into equation (22) and inte-
grating, we obtain

_ TC

b,="p X 1hirk 23
m_z m.c"?—[ + (C)] ( )

where
F(C) =M(—-0.5,0.5,C)exp (—C)/2C—-1) (24)

M(a, b, z) is referred to the confluent geometric func-
tion [11], and here it turns out to be a simple series

g "

M(-05,05C) = —Y

= 2n—1Dn/ 25)

Functions M(—0.5,0.5, C) and F(C) are plotted in
Fig. 5. It shows that |F(C)] < 0.02 as C > 4.8, there-
fore equation (23) may be reduced for larger C values
to

b, @c-1
D 4C?

(26)

Equation (23) indicates that D,/D,,, is a function
of C = c¢(w,—w;) only. Having known the mass diffu-
sivity parameters D, ., ¢ and the absorption con-
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Table 1. Determination of the mean mass diffusivity of sand

No. Wo W, h(w—w) [cm] 1[s] D, [m?s™]
1 0.200 0.002 2.625 370 3.73 x 1073
2 0.200 0.097 1.139 145 6.62 x 10°

104

—)103

L
8
-M{-0.5,0.5,C)

—— Exact solution
o Equation (23)
e Equation (26)

F1G. 6. The mean mass diffusivity calculated from the exact
and approximate solutions.

ditions w, and w;, one will be able to evaluate D,, and
the cumulative absorption easily.

In order to examine the accuracy of equations (23)
and (26), which have been derived from the approxi-
mate solution, equation (11), the exact D, is also
computed by Philip’s numerical solution [5] and is
plotted in Fig. 6 together with the results obtained
from equations (23) and (26). It is seen from the
comparison that the accuracy of equation (23) will be
up to within 0.3% as C > 2, while equation (26) is less
accurate but still useful for engineering applications at
larger C.

To discuss the effect of the initial moisture content
on the mean mass diffusivity, a certain initial moisture
content w¥ is chosen as a reference, and a normalized

initial moisture content ¢ = (w,—w¥*)/(w,—w¥) is
introduced to represent different cases, while the
moisture content on the boundary, w,, is kept
unchanged. Let R = D,,/D*, where D¥ is the mean
mass diffusivity of the reference case, then we get from
equation (23)

1 [1 2C*¢]1+F[C*(1—¢)]
(1-¢)*| ~ 2C*—1 1+ F[CH

where C* = c(w,—w}*) and then C = C*(1—¢). It
can also be reduced roughly to

1 ( . 2C*¢ >
(1=¢)2\" 2C*—1/
Equation {27) indicates that R = D,,/D¥ is a function
of C* and ¢, and independent of D, .

According to the established relation R = R(C*,¢),
it is possible to evaluate C* from R and ¢ determined
from two absorption experiments with different initial
moisture contents. In the computation, as estimation
of C* was first given by equation (28), then Philip’s
numerical method [5] was used to search for the exact
C*. Finally ¢ and D,,, can be figured out from the
obtained C* and equation (23), respectively. As a
working example, the dashed line in Fig. 4 was
obtained in this way.

R=

@7

R=

(28)

6. ERROR ANALYSIS

In order to verify the feasibility of the method pro-
posed and to design appropriate experimental par-
ameters, error transmission should be considered.
Equation (27) is preferred here to the numerical
method for its advantages of being derivable and fine
accuracy.

The relative errors in C* resulting from those in R
and ¢ can be written respectively as

AC®) _ R (3C*) AR
C* k C*\ 3R ), R
AC*\ ¢ [0C*)\ Ag
C* J,  C*\ 8p fr &
According to the basic rules of differential calculus,
we have
oc*y i oR
oR J, [ \oC*),
ac*y OR OR
0k \do ./ \OC* ),

29

(30)

3D

(32)
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Fi1G. 8. Transitive factor of error from ¢ to C*.

<6R> B a(Dm/ﬁ:,)]
c*), | act |,

_ ap, ap, .
= [DI(I —¢)‘d? e P C=C.:|/(D:§)
(33)
OR c* db,,
(55) = 5% dCe-c GY

From equations (23) and (24), we obtain

d(D-m/Dm,o) ___E 1-C
ac 2 ¢

C-M(-05050C)-2+C)M(—0.50.5,0)
+ 2C* exp (O) )
(35

The transitive factors of error, (R/C*)(0C*/6R),
and (¢/C*)(6C*/0¢)x, are plotted in Figs. 7 and 8§,
respectively. The figures show that a greater ¢, or a
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F1G. 9. Transitive factor of error from ¢ to D, .

higher w;, and a smaller C*, or smaller (w,—w;), will
be favourable for reducing the error in evaluating C*.
The relative error in D, , resulting from that in ¢ is

AD,.,\ C (dD,,\ AC

Dm,o C— Dm,o ocC D, C
CD,o d(D,/D,,0) AC
D,, dcC Cc’
This transitive factor of error is shown in Fig. 9. It is

clear that a smaller C is also favourable to obtain a
more reliable D,,, .

(36)

7. CONCLUDING REMARKS

The dependence of the mean mass diffusivity for
isothermal absorption in porous media upon the
initial moisture content and its relationship with the
actual mass diffusivity have been derived. Both Bruce
and Klute’s method [9] and a proposed method were
used to determine the mass diffusivity of wet sand as
a function of moisture content. The proposed method
considers only the overall effect of absorption, and
so the measurement is supposed more reliable. The
obtained mean mass diffusivity can be used to evaluate
the cumulative water absorption and to determine
further the exponential expression of the mass diffu-
sivity.

The error transmission in determining the expon-
ential parameters, D, , and ¢, of the mass diffusivity is
discussed in detail. However, it is still hard to estimate
quantitatively the accuracy in the results because the
errors of respective tests depend to a considerable
extent upon homogeneity and reproducibility of the
specimens.

The results obtained by the two different methods
agree with each other reasonably, thus verifying the
feasibility of these methods.
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ABSORPTION D’EAU ET MESURE DE LA DIFFUSIVITE DE MASSE DANS LES
MILIEUX POREUX

Résumé—On résume les études d’absorption d’eau dans les milieux poreux. La diffusivité moyenne de

masse pour la migration d’humidité est une propriété constante reliée a la diffusivité de masse réelle et on

présente sa dépendance vis-a-vis du contenu initial d’humidité. On propose une méthode pour déterminer

les paramétres dans ’expression exponentielle de la diffusivité de masse en fonction de la diffusivité moyenne

mesurée de masse. On discute ’erreur de transmission correspondante et les résultats expérimentaux avec
du sable sec sont comparés avec les courbes calculées.

WASSERAUFNAHME UND MESSUNG DES DIFFUSIONSVERMOGENS IN POROSEN

MEDIEN

Zusammenfassung—Es wird eine kurze Ubersicht {iber Untersuchungen iiber die Wasseraufnahme in

pordsen Medien gegeben. Das mittlere Diffusionsvermégen fiir die Feuchtigkeitswanderung im Sinne einer

konstanten Eigenschaft steht in Beziechung zum momentanen Diffusionsvermogen. Seine Abhéngigkeit

vom anfinglichen Feuchtigkeitsgehalt wird dargestellt. Es wird eine Methode fiir die Ermittlung der

Parameter in dem exponentiellen Ausdruck fiir das Diffusionsvermogen vorgeschlagen. Die entsprechende

Fehlerfortpflanzung wird diskutiert. Experimentelle Ergebnisse fiir nassen Sand werden mit den berech-
neten Kurven verglichen.

NOTr'JIOMEHUE BOABI U UBAMEPEHUE MACCOITPOBOJTHOCTH B ITOPUCTBIX CPEJJAX

Asmoraums—/[aH xpatkuii 0030p HccaeqoBaHHl MO MOIJIOLICHHUIO BOJIBI B MOPUCThIX cpemax. Ilpuso-

JIMTCA CBA3b CPeaHEl MacCOMPOBOAHOCTH AJIS MHTPALIMY BJIAry NMPH NOCTOAHHBIX CBOMCTBAaX C HCTHHHOM

MacCONpOBOOHOCTBIO, MPEACTABJIEHA 3aBHCHMOCThL OT HadaJlbHOTO colcpxaHusa Biarn. Ilpennoxen

METOA Ui ONIpenesIeHHs NAPaMeTPOB B IKCIIOHEHIMAILHOM BbIpaXeHHH JUIA MAaCCONPOBOAHOCTH, COOT-

BETCTBYIOLIEM H3MEPHHOMY CPEOHEMY 3HAYEHHIO MacconpoBoAHOCTH. OO6CykaaeTcd MOrpeluHoOCTh

METOAA; 3KCNEPHMEHTANBHBIC Pe3yJIbTAThl, IOJYYeHHBIE [UIS MOKDOTO IeCKa, CPAaBHHBAIOTCH C pacyeT-
HEIMH KPHBBIMH.



